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The mobility edges (MEs) in energy which separate extended and localized states are a central
concept in understanding the localization physics. In one-dimensional (1D) quasiperiodic systems,
while MEs may exist for certain cases, the analytic results which allow for an exact understanding
are rare. Here we uncover a class of exactly solvable 1D models with MEs in the spectra, where
quasiperiodic on-site potentials are inlaid in the lattice with equally spaced sites. The analytical
solutions provide the exact results not only for the MEs, but also for the localization and extended
features of all states in the spectra, as derived through computing the Lyapunov exponents, and also
numerically verified by calculating the fractal dimension and performing the multifractal analysis.
We further propose a novel scheme with high feasibility to realize our model based on an optical
Raman lattice, which paves the way for experimental exploration of the predicted exact ME physics.
Introduction.–Anderson localization (AL) is a funda-
mental and extensively studied quantum phenomenon,
in which the disorder induces exponential localization
of electronic wave-functions, resulting in the absence of
diffusion [1]. The phase transition between AL and ex-
tended phases in disorder system occurs only in dimen-
sion higher than two [2]. The noninteracting mobility
edge (ME), a most important concept in the extended-
AL transition marking a critical energy Ec separating
extended states from localized states [3], may exist in
three-dimension, but not for one-dimensional (1D) sys-
tems with random disorder where all states are localized
for arbitrarily weak disorder strengths.
On the other hand, the quasiperiodic potential in-
duced localization has also generated considerable in-
terests in recent years. The AL, many body localiza-
tion, and Bose glass have been observed in experiment
in ultracold atomic gases trapped in quasiperiodic lat-
tices [4–10], and the many-body critical phases have
been predicted [11, 12]. Moreover, the presences of
extended-AL transitions and mobility edges (MEs) are
also predicted [13–27] in the 1D quasiperiodic systems.
The Aubry-André-Harper (AAH) model is a simplest
nontrivial example with 1D quasiperiodic potential [28],
described by t(ψj+1 + ψj−1) + 2λ cos(2piωj + θ)ψj =
Eψj , where ψj , t, λ, θ denote the wavefunction amplitude
at site j, the nearest-neighbor hopping coefficient, the
quasiperiodic potential amplitude, and the phase offset,
respectively, and ω is an irrational number. The model
exhibits a self duality for the transformation between
lattice and momentum spaces at λ = t, leading to the
extended-localization transition with all the eigenstates
of the model being extended (localized) for λ < t (λ > t).
Thus no ME exists for the AAH model. While the tran-
sition was predicted in 1980’s, its rigorous mathematical
proof only came recently [29–31]. By introducing a long-
range hopping term [16, 32, 33], or breaking the self du-
ality of the AAH Hamiltonian, e.g. superposing another
quasiperiodic optical lattice [19–22, 34] or introducing the
spin-orbit coupling [35, 36], one can obtain MEs in the en-
ergy spectra of the system. In very few cases [16, 23] the
self duality may be recovered on certain analytically de-
termined energy, across which the extended-localization
transition occurs, rendering the ME in the spectra, while
the whole model is not exactly solvable. That is, the ex-
tended and localized states in the spectra cannot be an-
alytically obtained to rigorously illustrate how the tran-
sition between them occurs. Further, it is not clear if a
single system can have multiple MEs, and what deter-
mines the number of the MEs. Addressing these issues
with exactly solvable models is critical to gain exact un-
derstanding of the extended-localization transition.
In this letter, we propose a class of analytically solvable
1D models in quasiperiodic mosaic lattice, which host
multiple MEs with the self-duality breaking. The local-
ization and extended features can be exactly obtained for
all states in these models which have an arbitrary even
number of MEs depending on parameter. We also pro-
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2pose a novel scheme with high feasibility to realize and
detect the exact MEs.
Model.—We consider a class of quasiperiodic mosaic
models, which can be described by
H = t
∑
j
(c†jcj+1 +H.c.) + 2
∑
j
λjnj , (1)
with
λj =
{
λ cos(2pi(ωj + θ)), j = mκ,
0, otherwise,
(2)
where cj is the annihilation operator at site j, nj = c
†
jcj
is the local number operator and κ is an integer. We set
the hopping strength t = 1 for convenience. Since the
quasiperiodic potential periodically occurs with interval
κ, we can introduce a quasi-cell with the nearest κ lattice
sites. If the quasi-cell number is taken as N , i.e., m =
1, 2, · · · , N , the system size will be L = κN .
It is obvious that this model reduces to the AAH model
when κ = 1. If κ 6= 1, the duality symmetry of these
models is broken, which motivate us to show the existence
of MEs. In this letter, we prove that these models with
κ 6= 1 do have energy dependent MEs, which are given
by the following expression,
|λaκ| = 1, for E = Ec, (3)
with
aκ =
1√
E2 − 4
(
(
E +
√
E2 − 4
2
)κ − (E −
√
E2 − 4
2
)κ
)
(4)
In addition, all the localized and extended states can be
exactly studied. This is our central result which we prove
by computing the exact Lyapunov exponent (LE). Before
showing the analytic derivatives, we display the numeri-
cal results of the κ = 2, which is benefit to visually un-
derstand this condition (Eq. (3)) representing it as a ME.
Without loss of generality, we set θ = 0 and ω =
√
5−1
2 ,
which can be approached by using the Fibonacci num-
bers Fn [37, 38]: ω = limn→∞
Fn−1
Fn
, where Fn is defined
recursively by Fn+1 = Fn−1 + Fn, with F0 = F1 = 1.
We take the quasi-cell number N = Fn and the ratio-
nal approximation ω = Fn−1/Fn to ensure a periodic
boundary condition when numerically diagonalizing the
tight binding model defined in Eq. (1).
The κ = 2 case.—For the minimal nontrivial case with
κ = 2, we obtain from Eq. (3) [39] the MEs as
Ec = ± 1
λ
. (5)
The numerical results are obtained from the inverse par-
ticipation ratio (IPR) IPR(m) =
∑L
j=1 |ψm,j |4 [3], where
ψm is the m-th eigenstate. To characterize the ME, we
investigate the fractal dimension of the wave function,
Figure 1: (a) Fractal dimension Γ of different eigenstates as
a function of the corresponding eigenvalues and quasiperiodic
potential strength λ with size N = F14 = 610. The two
dashed lines represent the MEs Ec = 1λ and Ec = − 1λ . Here
the hopping strength t has been set as the unit of energy.
Spatial distributions of two eigenstates correspond to (b) E =
−2.2059 and (c) E = −1.7417, which respectively correspond
to the nearest-neighbor eigenvalue below and above the ME
of the system with fixed λ = 0.5 and N = 610.
which is given by Γ = − limL→∞ ln(IPR)lnL . It is known that
Γ→ 1 for extended states and Γ→ 0 for localized states.
We plot energy eigenvalues and the fractal dimension Γ
of the corresponding eigenstates as a function of poten-
tial strength λ in Fig. 1 (a). The two dashed lines in the
figure represent the MEs (Ec = ± 1λ ). As expected from
the analytical results, Γ approximately changes from zero
to one for energies across the dashed lines. This is further
confirmed by the distributions of the wave functions, as
shown in Fig. 1 (b) and (c). We see that the wave func-
tions are localized and extended when their eigenvalues
satisfy |E| > 1λ and |E| < 1λ , respectively.
It appears that the localization starts from the edges
of the spectrum, as the coupling constant λ is increased,
then we have MEs, and MEs moves towards the cen-
ter of the spectrum. This behavior is similar to MEs
in the three-dimensional disordered systems. However,
the present model has a new fundamental feature that in
the arbitrarily strong quasiperiodic potential regime, the
MEs always take place, i.e, the extended states always
exist. This is in sharp contrast to models with random
disorder and to other quasiperiodic models, where all the
states are localized when the disorder is large enough.
To further determine this point and strengthen the cal-
culated MEs in Eq. (3) and Eq. (4), we further study the
scaling behavior of eigenstates by performing a multifra-
cal analysis [36, 40, 41]. For a normalized eigenstate, the
scaling index αj is defined by nj ∼ L−αj . If this state
is extended, for all the lattice sites j, we have αj → 1
when L → ∞. If this state is localized, there exist the
non-vanishing probabilities only on a finite number of
3Figure 2: αmin as a function of 1/n for (a) the lowest state
and (b) center state of the spectrum for different λ, where n
is the subscript of the Fibonacci numbers Fn. (c) αmin versus
eigenvalues E with fixed N = F19 = 6765 for λ = 0.5 (black
dots) and λ = 2 (blue dots). The two red (green) dashed lines
represent the MEs Ec = ±2 (±0.5).
sites even when L → ∞, i.e., αj → 0 for these sites but
αk → ∞ for remaining sites k with nk = 0. Therefore,
to identify the extended and localized eigenstates, one
can simply examine the minimal value of α, which takes
αmin = 1 (extended) or αmin = 0 (localized) in the ther-
modynamic limit. Fig. 2 (a) and (b) display the αmin
of two typical eigenstates corresponding to the bottom
and center of the spectrum, respectively. We see that
the αmin tend to 1 for λ = 0.4, indicating that both of
them are extended. In contrast, αmin tend to 0 and 1
for the ground state and the center state of this system,
respectively, with λ = 0.5 and λ = 10, signifying the ex-
istence of MEs. We can determine the extended-localized
transition point of the ground state at λc = 0.4546(2) by
performing a finite size scaling analysis (see Supplemen-
tal Materials [42]), which coincides with a critical value
that MEs start to appear. Fig. 2 (c) shows the αmin of
all eigenstates with size N = F19 = 6765. There exist
dramatic changes of αmin at MEs given by Eq. (5) with
increasing eigenvalues E, suggesting that the predicted
MEs well separate localized states from extended states.
The above results also show a novel phenomenon
that the critical strength of quasiperiodic potential in
extended-localization transition of the ground state is
smaller than that in the standard AAH model. This is
because for the mosaic lattice the particle tends to stay at
the site with the smallest potential and the potential dif-
ference strongly impedes the nearest-neighbor hopping.
Rigorous mathematical proof and general case.—Now
we provide the analytical derivation for the MEs by com-
puting the LE. Denote by Tn(θ) the transfer matrix of the
Schrödinger operator [43], then LE can computed as
γ(E) = lim
n→∞
1
n
ˆ
ln ‖Tn(θ + i)‖dθ,
where ‖A‖ denotes the norm of the matrix A. The com-
plexification of the phase is important for us, since our
computation relies on A.Avila’s global theory of one-
frequency analytical SL(2,R) cocycle [43], one of his
Fields Medal work. First note that the transfer matrix
can be written as
Tκ(θ) =
(
E − 2λ cos 2pi(θ + κω) −1
1 0
)(
E −1
1 0
)κ−1
,
where (
E −1
1 0
)κ−1
=
(
aκ −aκ−1
aκ−1 −aκ−2
)
and aκ is defined in (4). Let us then complexify the
phase, and let  goes to infinity, direct computation yields
Tκ(θ + i) = e
2piei2pi(θ+κω)
( −λaκ λaκ−1
0 0
)
+ o(1).
Thus we have κγ(E) = 2pi + log |λaκ| + o(1). Avila’s
global theory [43] shows that as a function of , κγ(E)
is a convex, piecewise linear function, and their slopes
are integers multiply 2pi. This implies that κγ(E) =
max{ln |λaκ|+ 2pi, κγ0(E)}. Moreover, by Avila’s global
theory, if the energy does not belong to the spectrum,
if and only if γ0(E) > 0, and γ(E) is locally constant
as function of . Consequently, if the energy E lies in
the spectrum, we have κγ0(E) = max{ln |λaκ|, 0}. When
|λaκ| > 1, γ0(E) = ln |λaκ|κ , the state with the energy E
is localized has the localization length
ξ(E) =
1
γ0
=
κ
ln |λaκ| . (6)
When |λaκ| < 1, the localization length ξ → ∞, and
the corresponding state is delocalized. Thus the MEs are
determined by |λaκ| = 1 (i.e., Eq. (3)). In fact, we can
further show that the operator has purely absolutely con-
tinuous energy spectrum (extended states) for |λaκ| < 1,
while it has pure point spectrum for |λaκ| > 1 (localized
states) [44]. This proof also shows the analytic results for
the extended and localization features of all the states.
To explicitly verify the ME expression, we further con-
sider the cases of κ = 3 and κ = 5. From Eq. (3) and
Eq. (4), one can obtain four MEs when choosing κ = 3
and eight MEs when fixing κ = 5, respectively given by
Ec = ±
√
1± 1/λ, Ec = ±
√
3/2±
√
5/4± 1/λ. (7)
4
(a) (b)
Figure 3: Fractal dimension Γ versus the eigenvalues and
quasiperiodic potential strength λ for (a) κ = 3 and (b) κ = 5.
The red dashed lines represent the MEs given in Eq. (7). Here
we fixed the size N = 610.
In the same way as the study for κ = 2 case, Fig. 3
(a) (Fig. 3 (b)) shows numerically the fractal dimension
Γ of different eigenstates for the κ = 3 (κ = 5) case,
which confirms that the four (eight) MEs described in
Eq. (7) well separate the localized states from the ex-
tended states. Further, for any κ, one can obtain 2(κ−1)
MEs well described by Eq. (3) and Eq. (4).
Experimental realization.—We show that the Hamilto-
nian (1) with κ = 2 can well describes the tight-binding
limit of the following 1D lattice for spin-1/2 atoms
H =
k2x
2m
⊗ 1 + Vp(x)σz +M0σx + Vs(x)|↓〉〈↓ |,
Vp(x) = Vp
2
cos(2kpx), Vs(x) = Vs
2
cos(2ksx),
(8)
where σx,y,z are Pauli matrices, Vp(x) is the primary lat-
tice, M0-term denotes the Raman coupling between the
two spins, and Vs(x) is a secondary incommensurate po-
tential felt only by spin-down atoms. The above Hamil-
tonian is highly achievable in utracold atoms based on
optical Raman lattice scheme [45–47], and the details for
the realization are put in Supplementary Material [42].
As shown in Fig. 4(a), due to the spin-dependence of
the primary lattice, atoms with different spins are al-
ternately trapped in the x direction: Spin-up and -down
atoms are located at odd and even sites, respectively. The
incommensurate potential Vs(x) then takes effect only at
even sites. We assume Vp  M0, Vs, such that the spin-
conserved hopping tp is relatively negligible, and the spin-
flipped hopping induced by the Raman coupling plays
the role of nearest-neighbor tunneling t. For example,
when Vp = 10Er and M0 = 1.5Er with Er ≡ k2p/(2m),
we have t ' 18.3tp [42]. Thus, regardless of the atom
spin and taking into account only s-bands, this lattice
Hamiltonian (8) indeed leads to the tight-binding model
described by Eq. (1) with κ = 2. For a realistic setup, we
propose to realize this system in alkaline-metal atoms,
where well-tuned Raman couplings can generate both
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Figure 4: Realization of the quasiperiodic model with κ = 2
in cold atoms. (a) Realization scheme. The spin-dependent
primary lattice Vp(x) [−Vp(x)] locates spin-up (-down) atoms
at odd (even) sites, with an incommensurate potential Vs(x)
being applied only to the spin-down atoms. The primary lat-
tice is deep enough such that the spin-conserved hopping can
be ignored. A Raman coupling M0 is then used to induce the
spin-flipped hopping, which plays the role of nearest-neighbor
tunneling. (b) Fractal dimension Γ of the lowest-band eigen-
states of the lattice model as a function of the lattice depth
Vs. The eigenvalues E have been shifted a constant value
such that the center of the band is zero for Vs = 0. Here
we set Vp = 10Er, M0 = 1.5Er, and ks/kp =
√
5−1
2
, with
Er ≡ k2p/(2m). The red dashed curves represent the analyti-
cal MEs Ec = ±t2/λ, with t ' 0.353Er and λ ' 0.215Vs.
the primary and secondary lattices, and the Hamiltonian
of the form (8) can be derived under the spin rotation
σx → σz, σz → −σx [42].
To further verify our realization scheme, we calculate
the fractal dimension Γ of the lowest-band eigenstates of
the Hamiltontian (8), and show the results as a function
of the lattice depth Vs in Fig. 4(b). It can be seen that
the distributions of localized and extended states are very
similar to the results in Fig. 1 (a). We then check the
analytical expressions for MEs: Ec = ±t2/λ, where the
nearest-neighbor tunneling t and the quasiperiodic po-
tential strength λ ∝ Vs can be derived based on s-band
Wannier functions in the tight-binding limit [42]. We plot
the results as red dashed curves in Fig. 4(b), and find
them in good agreement with the fractal dimension cal-
culations. In experiments, one can determine the MEs by
observing the time evolution of an initial charge-density
wave state [20], detecting the interference pattern [5], or
characterizing the correlation length [9, 48].
Conclusion.— We have proposed a class of exactly
solvable 1D mosaic models to realize MEs in energy spec-
tra, where quasiperiodic on-site potentials are inlaid in
the lattice with equally spaced sites, and proposed the
experimental realization. By calculating the Lyapunov
exponents, we have analytically demonstrated the exis-
tence of MEs and obtained their expressions, which are
in excellent agreement with the numerical studies. For
the integer inlay parameter κ > 1 of our proposed mod-
els, one obtains 2(κ − 1) MEs, which are symmetrically
distributed in energy spectra and always exist even in the
strong quasiperiodic potential regime. Our work opens
5a new avenue to analytically explore ME physics with
experimental feasibility.
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7SUPPLEMENTAL MATERIAL
In the Supplementary Materials, we first perform a finite size scaling analysis for the ground states. Then, we
give some mathematical basis of computing the Lyapunov exponent. Finally, we give some details of experimental
realization.
I. Finite size scaling analyses for ground states
In this section, we turn to determine the transition point λc between the extended and localization ground states,
which coincides with a critical value corresponding to that the mobility edges (MEs) start to appear. Fig.1 (a) in
the main text tells us that the critical value λc is near λ = 0.5. To exactly obtain λc and some critical exponents,
we perform a finite-size scaling analysis. We firstly introduce the participation ratio: IL = 1IPR and then define
σL = (IL/L)
1/2, which tends to 0 (1) when L → ∞ for the localized (extended) state, so we can use it as an order
parameter. Near λc, we can introduce two critical exponents [1, 2]:
ξ ∼ |∆λ|−ν , I ∼ (∆λ)−γ , (S1)
where I = limL→∞ IL, ∆λ = (λ− λc)/λc and ξ represents the correlation or localization length. Near λc, we assume
the following finite size scaling relationship when this system is finite:
σ2LL
1−γ/ν = f(L1/ν(∆λ)), (S2)
where f(x) is a scaling function.
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Figure S1: (a) R[L1, L2] versus λ for several pairs of (L1, L2). (b) σ2LL1−γ/ν as a function of ∆λL1/ν for different N
(N = 89(F10), 377(F13), 1597(F16), 6765(F19)). We set ν = 1 and different lines are superposed together.
At the transition point λ = λc, we have ∆λ = 0, and thus Eq. (S2) becomes σ2L = f(0)L
γ/ν−1. From the definitions
of the fractal dimension Γ and σL, one can obtain σ2L ∼ LΓ−1, i.e, Γ = γ/ν. Then a function of two size-variables can
be defined as:
R[L1, L2] =
ln(σ2L1/σ
2
L2
)
ln(L1/L2)
+ 1, (S3)
which equals to γ/ν at the transition point for any pair (L1, L2), where L1 and L2 represent two different system
sizes. Fig. S1 (a) displays the behaviors of R[L1, L2] versus λ for different pairs of L1 and L2. From the crossing
point, we can determine the transition point λc = 0.4546(2) and the corresponding critical exponent γ/ν = 0.4071(5).
The critical exponent ν can be obtained by calculating σ2LL
1−γ/ν versus L1/ν(∆λ) and making them superpose
together for different sizes as shown in Fig. S1 (b). It is shown that lines corresponding to different sizes superpose
together if setting ν = 1, which indicates ν = 1 at the transition point of the ground state and it is the same with the
Aubry-André-Harper model. For other states, performing the similar finite-size analysis, one will find that the MEs
we proposed in the main text well marks a sharp transition between extended and localized states, with no a critical
region.
8II. Global theory of one-frequency cocycle
Suppose that A is an analytic function form the circle S1 to the group SL(2, C), an analytic cocycle (ω,A) is a
linear skew product:
(ω,A) : S1 ×R2 → S1 ×R2
(θ, v) 7→ (θ + ω,A(θ) · v).
If A(θ) admits a holomorphic extension to |=θ| < δ, then for || < δ we can define A(θ) = A(θ + i), and define its
Lyapunov exponent by
γ(A) = lim
n→∞
1
n
ˆ
ln ‖An(θ + i)‖dθ,
where An is the transfer matrix. The key observation of Avila’s global theory [3] is that  → γ(A) is convex and
piecewise linear, with right-derivatives satisfying
lim
→0+
1
2pi
(γ(A)− γ(A)) ∈ Z.
Note that in our case, a sequence (un)n∈Z is a formal solution of the eigenvalue equation un+1+un−1+v(n)un = Eun
if and only if it satisfied
(
un+1
un
)
=
(
E − v(n) −1
1 0
)(
un
un−1
)
, while the operator can be seen as a cocycle, however,
the cocycle is not analytic since the potential is not a smooth function. The useful observation is that its iterate Tκ
can be seen as an analytic cocycle (κω, Tκ(·)). Thus by the general theory, the Lyapunov exponent of the cocycle
γ(Tκ) = κγ(E) is a convex, piecewise linear function, their slopes are integers multiply 2pi.
III. Experimental Realization
In this section, we illustrate how to to realize the lattice model (8) in the main text. Our basic idea is to use
well-tuned Raman couplings to generate both the primary and secondary lattice potentials. We shall first realize the
Hamiltonian
H =
k2x
2m
⊗ 1 + Vp
2
cos(2kpx)σx −M0σz + Vs
4
cos(2ksx)(−1 + σx), (S4)
which can be transformed into the form (8) under the spin rotation
σx → σz, σz → −σx. (S5)
Our proposed experimental setup is sketched in Fig. S2(a). In the following we shall take 40K atoms as an example
while all our results are applicable to other alkali atoms. For 40K, the spin-1/2 system can be constructed by
|↑〉 = |F = 9/2,mF = +9/2〉 and |↓〉 = |9/2,+7/2〉. The lattice and Raman coupling potentials are contributed from
both the D2 (42S1/2 → 42P 3/2) and D1 (42S1/2 → 42P1/2) lines [Fig. S2(b-d)].
A. The primary lattice
The primary lattice is generated by a Raman coupling via a standing wave field E1 = 2E1zˆei(φ1+φ1e/2) cos(k1x −
φ1e/2) of frequency ω1 and a plane wave E2 = xˆE2ei(k1y+φ2) of frequency ω2, where φ1,2 denote the initial phases,
and φ1e is the phase acquired by E1 for an additional optical path back to the atom cloud. As shown in Fig. S2(b),
the standing-wave field E1 creates a lattice V1(x), which is given by
V1σ(x) =
∑
F
∣∣∣Ω(3/2)σF,1z∣∣∣2
∆
(p)
3/2
+
∑
F
∣∣∣Ω(1/2)σF,1z∣∣∣2
∆
(p)
1/2
, (S6)
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E2
<latexit sha1_base64="u3Rpu7lQtfgVT6Hri99/uRL7aBw=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVdIq6LIogiupYB/SlpJMp3VoXiQT oYRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdUJXxNKyXnPGwuLS8kp+tbC2vrG5VdzeacZBEjHeYIEbRG3HjrkrfN6QQrq8HUbc9hyXt5zxuYq37nkUi8C/kZOQ9zx75IuhYLYk6jbtOkPzYtqv9oslq2zpZc6DSgZKyFY9KL6giwECMCTwwOFDEnZhI6angwoshMT1kBIXERI6zjFFgbQJZXHKsI kd03dEu07G+rRXnrFWMzrFpTcipYkD0gSUFxFWp5k6nmhnxf7mnWpPdbcJ/Z3MyyNW4o7Yv3SzzP/qVC0SQ5zqGgTVFGpGVccyl0R3Rd3c/FKVJIeQOIUHFI8IM62c9dnUmljXrnpr6/ibzlSs2rMsN8G7uiUNuPJznPOgWS1XjsrV6+NS7SwbdR572MchzfMENVyijgZ5e3jEE56NK0MaqTH9TDVy mWYX35bx8AHWGZJr</latexit>
|F,+9/2i
|9/2,+9/2i
|9/2,+7/2i
 
 
(s)
3/2
<latexit sha1_base64="XVEwsrcJztll4EXiW+J/pWfVE0I=">AAAC23icjVHLS sNAFD2N73dVcOMmWIS6qWkVdFnUhUsFW4W2lkmc1uDkwWQilNqVO3HrD7jV/xH/QP/CO2MEH4hOSHLm3HvOzL3XjYWfKMd5zllDwyOjY+MTk1PTM7Nz+fmFehKl0uM1LxK RPHFZwoUf8pryleAnseQscAU/di92dfz4ksvEj8Ij1Yt5K2Dd0O/4HlNEtfNLzT0uFDvtN2VgF5O1Qbu/sV4ZtPMFp+SYZf8E5QwUkK2DKP+EJs4QwUOKABwhFGEBhoSe BspwEBPXQp84Scg3cY4BJkmbUhanDEbsBX27tGtkbEh77ZkYtUenCHolKW2skiaiPElYn2abeGqcNfubd9946rv16O9mXgGxCufE/qX7yPyvTtei0MG2qcGnmmLD6Oq8zC U1XdE3tz9VpcghJk7jM4pLwp5RfvTZNprE1K57y0z8xWRqVu+9LDfFq74lDbj8fZw/Qb1SKm+UKoebhepONupxLGMFRZrnFqrYxwFq5H2Fezzg0WpZ19aNdfueauUyzSK+ LOvuDXxel7I=</latexit>
 
(s)
1/2
<latexit sha1_base64="QRb0gyJXo58KVoUA2Aq3+euIN/U=">AAAC23icjVH LSsNAFD2Nr1pfUcGNm2ARdFOTKuiyqAuXFWwttLUk6VRD82IyEUrtyp249Qfc6v+If6B/4Z0xgg9EJyQ5c+49Z+be68S+lwjTfM5pY+MTk1P56cLM7Nz8gr64VE+il Lus5kZ+xBuOnTDfC1lNeMJnjZgzO3B8dur0D2T89JLxxIvCEzGIWTuwz0Ov57m2IKqjr7QOmS/ss2GLB8ZGsjnqDK2t8qijF82SqZbxE1gZKCJb1Uh/QgtdRHCRIgB DCEHYh42EniYsmIiJa2NIHCfkqTjDCAXSppTFKMMmtk/fc9o1MzakvfRMlNqlU3x6OSkNrJMmojxOWJ5mqHiqnCX7m/dQecq7DejvZF4BsQIXxP6l+8j8r07WItDDn qrBo5pixcjq3MwlVV2RNzc+VSXIISZO4i7FOWFXKT/6bChNomqXvbVV/EVlSlbu3Sw3xau8JQ3Y+j7On6BeLlnbpfLxTrGyn406j1WsYYPmuYsKjlBFjbyvcI8HPGp t7Vq70W7fU7VcplnGl6XdvQF3mJew</latexit>
E4
<latexit sha1_base64="cbRT4i7vT8JytyH7EXwV/6Vlj1c=">AAACzHi cjVHLSsNAFD2Nr1pfVZdugkVwVdJa0GVRBFdSwT6kLSWZTmswL5KJUEK3/oBb/S7xD/QvvDNOQS2iE5KcOfeeM3PvdSLPTYRlveaMhcWl5ZX8amFtfWN zq7i900rCNGa8yUIvjDuOnXDPDXhTuMLjnSjmtu94vO3cncl4+57HiRsG12IS8b5vjwN35DJbEHWT9ZyReT4d1AbFklW21DLnQUWDEvRqhMUX9DBECIY UPjgCCMIebCT0dFGBhYi4PjLiYkKuinNMUSBtSlmcMmxi7+g7pl1XswHtpWei1IxO8eiNSWnigDQh5cWE5WmmiqfKWbK/eWfKU95tQn9He/nECtwS+5d ulvlfnaxFYIQTVYNLNUWKkdUx7ZKqrsibm1+qEuQQESfxkOIxYaaUsz6bSpOo2mVvbRV/U5mSlXumc1O8y1vSgCs/xzkPWtVy5ahcvaqV6qd61HnsYR+ HNM9j1HGBBprk7eMRT3g2Lg1hZMb0M9XIac0uvi3j4QPa2ZJt</latexit>
E3
<latexit sha1_base64="tAJ2PGOqJY7zrFWBw36seEoOxTw=">AAACzHi cjVHLSsNAFD3GV62vqks3wSK4Kkkr6LIogiupYB/SlpKk0xqaF5OJUEq3/oBb/S7xD/QvvDNOQS2iE5KcOfeeM3PvdZPAT4VlvS4Yi0vLK6u5tfz6xub WdmFnt5HGGfdY3YuDmLdcJ2WBH7G68EXAWglnTugGrOmOzmW8ec946sfRjRgnrBs6w8gf+J4jiLqddNyBeTHtVXqFolWy1DLnga1BEXrV4sILOugjhoc MIRgiCMIBHKT0tGHDQkJcFxPiOCFfxRmmyJM2oyxGGQ6xI/oOadfWbER76ZkqtUenBPRyUpo4JE1MeZywPM1U8Uw5S/Y374nylHcb09/VXiGxAnfE/qW bZf5XJ2sRGOBU1eBTTYliZHWedslUV+TNzS9VCXJIiJO4T3FO2FPKWZ9NpUlV7bK3joq/qUzJyr2nczO8y1vSgO2f45wHjXLJrpTK18fF6pkedQ77OMA RzfMEVVyihjp5h3jEE56NK0MYE2P6mWosaM0evi3j4QPYeZJs</latexit>
(a) (b)
(c) (d)
Atoms
<latexit sha1_base64="W5XMRrJGG7TU6yUz7M2v+OhU7xk=">AAACz nicjVHLTsJAFD3UF+ILdemmkZi4IgVNdIm6cYmJIAkQ0w4DNrSdZjolIYS49Qfc6mcZ/0D/wjtjSVRidJq2Z849587ce7048BPlOK85a2FxaXklv 1pYW9/Y3Cpu7zQTkUrGG0wEQrY8N+GBH/GG8lXAW7HkbugF/MYbXuj4zYjLxBfRtRrHvBu6g8jv+8xVRLUnHRnaZ0qEyfS2WHLKjln2PKhkoIRs1U XxBR30IMCQIgRHBEU4gIuEnjYqcBAT18WEOEnIN3GOKQrkTUnFSeESO6TvgHbtjI1or3Mmxs3olIBeSU4bB+QRpJOE9Wm2iacms2Z/yz0xOfXdxv T3slwhsQp3xP7lmyn/69O1KPRxamrwqabYMLo6lmVJTVf0ze0vVSnKEBOncY/ikjAzzlmfbeNJTO26t66JvxmlZvWeZdoU7/qWNODKz3HOg2a1XD kqV6+OS7XzbNR57GEfhzTPE9RwiToapuOPeMKzVbdG1tS6/5Raucyzi2/LevgALY2TxA==</latexit>
x
y
<latexit sha1_base64="thLS80HyLWaSgIUEpwOdLuHenrM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq 6LIoiMsW7ANqkWQ6rUPzIjMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/CYRUjvNasBYWl5ZXiqultfWNza3y9k5bxlnKeIvFQZx2fU/yQES8pYQKeDdJuRf6Ae/443Md79zxVIo4ulKThPdDbxSJoWCeIqo5uSlXnKpjlj0P3Bx UkK9GXH7BNQaIwZAhBEcERTiAB0lPDy4cJMT1MSUuJSRMnOMeJdJmlMUpwyN2TN8R7Xo5G9Fee0qjZnRKQG9KShsHpIkpLyWsT7NNPDPOmv3Ne2o89d0m9Pdzr5BYhVti/9LNMv+r07UoDHFqahBUU2IYXR3LXTLTFX1z+0tVihwS4j QeUDwlzIxy1mfbaKSpXffWM/E3k6lZvWd5boZ3fUsasPtznPOgXau6R9Va87hSP8tHXcQe9nFI8zxBHZdooGW8H/GEZ+vCCixpZZ+pViHX7OLbsh4+AG7Kj4I=</latexit>B⨀
E1,!1
<latexit sha1_base64="FVIix6UokhkVycwIvrzXCNHJiPA=">AAAC13i cjVHLSsNAFD2Nr1pfsS7dBIvgQkpSBV0WRXBZwT6kLSFJpzU0L5KJWEpxJ279Abf6R+If6F94Z4ygFtEJSc6ce8+ZuffakecmXNdfcsrM7Nz8Qn6xsLS 8srqmrhcbSZjGDqs7oRfGLdtKmOcGrM5d7rFWFDPLtz3WtIfHIt68YnHihsE5H0Ws61uDwO27jsWJMtXiuGP3tZOJaex2Qp8NLNMw1ZJe1uXSpoGRgRK yVQvVZ3TQQwgHKXwwBOCEPVhI6GnDgI6IuC7GxMWEXBlnmKBA2pSyGGVYxA7pO6BdO2MD2gvPRKodOsWjNyalhm3ShJQXExanaTKeSmfB/uY9lp7ibiP 625mXTyzHJbF/6T4z/6sTtXD0cShrcKmmSDKiOidzSWVXxM21L1VxcoiIE7hH8ZiwI5WffdakJpG1i95aMv4qMwUr9k6Wm+JN3JIGbPwc5zRoVMrGXrl ytl+qHmWjzmMTW9iheR6gilPUUCfvazzgEU/KhXKj3Cp3H6lKLtNs4NtS7t8BUh+WFg==</latexit>
E2,!2
<latexit sha1_base64="TR09mvPGMTtBH+++t/NkJk0WF3Q=">AAAC13i cjVHLSsNAFD2Nr1pfsS7dBIvgQkpSBV0WRXBZwT6kLSFJpzU0L5KJWEpxJ279Abf6R+If6F94Z4ygFtEJSc6ce8+ZuffakecmXNdfcsrM7Nz8Qn6xsLS8 srqmrhcbSZjGDqs7oRfGLdtKmOcGrM5d7rFWFDPLtz3WtIfHIt68YnHihsE5H0Ws61uDwO27jsWJMtXiuGP3tZOJWdnthD4bWGbFVEt6WZdLmwZGBkrIVi 1Un9FBDyEcpPDBEIAT9mAhoacNAzoi4roYExcTcmWcYYICaVPKYpRhETuk74B27YwNaC88E6l26BSP3piUGrZJE1JeTFicpsl4Kp0F+5v3WHqKu43ob2d ePrEcl8T+pfvM/K9O1MLRx6GswaWaIsmI6pzMJZVdETfXvlTFySEiTuAexWPCjlR+9lmTmkTWLnpryfirzBSs2DtZboo3cUsasPFznNOgUSkbe+XK2X6p epSNOo9NbGGH5nmAKk5RQ528r/GARzwpF8qNcqvcfaQquUyzgW9LuX8HVuiWGA==</latexit>
E4,5,!4,5
<latexit sha1_base64="D6u0WR9jsH3g/UcRWLMzPTbOKo4=">AAAC33icjVHL SsNAFD3Gd31V3ekmWAQXUtKq6FIUwaWCrUJbymQ6rcG8SCaClII7d+LWH3CrfyP+gf6Fd6ZTUIvohCTnnnvPmblz3dj3Uuk4byPW6Nj4xOTUdG5mdm5+Ib+4VE2jLOG iwiM/Si5clgrfC0VFetIXF3EiWOD64ty9OlT582uRpF4UnsmbWDQC1gm9tseZJKqZX+nW3bZ91Gt2tzd3epv1KBAd1g+a+YJTdPSyh0HJgALMOonyr6ijhQgcGQIIhJC EfTCk9NRQgoOYuAa6xCWEPJ0X6CFH2oyqBFUwYq/o26GoZtiQYuWZajWnXXx6E1LaWCdNRHUJYbWbrfOZdlbsb95d7anOdkN/13gFxEpcEvuXblD5X53qRaKNPd2DRz 3FmlHdceOS6VtRJ7e/dCXJISZO4RblE8JcKwf3bGtNqntXd8t0/l1XKlbF3NRm+FCnpAGXfo5zGFTLxdJWsXy6Xdg/MKOewirWsEHz3MU+jnGCCnnf4gnPeLGYdWfdW w/9UmvEaJbxbVmPnzMxmR4=</latexit>
!3
<latexit sha1_base64="ePb7GlfrGdZcxnExquDK8QyHxCU=">A AACy3icjVHLSsNAFD2Nr1pfVZdugkVwVZJW0GXRjRuhgn1AW0qSTmtokgmTiVCrS3/Arf6X+Af6F94ZU1CL6IQkZ849587ce9048BNpWa8 5Y2FxaXklv1pYW9/Y3Cpu7zQTngqPNTwecNF2nYQFfsQa0pcBa8eCOaEbsJY7PlPx1g0Tic+jKzmJWS90RpE/9D1HEtXu8pCNnH61XyxZZ Usvcx7YGSghW3VefEEXA3B4SBGCIYIkHMBBQk8HNizExPUwJU4Q8nWc4R4F8qakYqRwiB3Td0S7TsZGtFc5E+326JSAXkFOEwfk4aQThNV ppo6nOrNif8s91TnV3Sb0d7NcIbES18T+5Zsp/+tTtUgMcaJr8KmmWDOqOi/LkuquqJubX6qSlCEmTuEBxQVhTztnfTa1J9G1q946Ov6ml YpVey/TpnhXt6QB2z/HOQ+albJdLVcuj0q102zUeexhH4c0z2PUcI46GnqOj3jCs3FhJMatcfcpNXKZZxfflvHwAW4GkkY=</latexit>
E3,
<latexit sha1_base64="4vV923Dl8+jxDTJiAFeEozjWO4c=">AAACzXicj VHLSsNAFD2Nr1pfVZdugkVwISVpBV0WRXBnBfvAtpRkOq2heZFMhFLr1h9wq78l/oH+hXfGFNQiOiHJmXPvOTP3Xjt0nVgYxmtGm5tfWFzKLudWVtfWN/KbW/ U4SCLGayxwg6hpWzF3HZ/XhCNc3gwjbnm2yxv28FTGG7c8ip3AvxKjkHc8a+A7fYdZgqjrcdvu62eTbvmgmy8YRUMtfRaYKSggXdUg/4I2egjAkMADhw9B2IW FmJ4WTBgIietgTFxEyFFxjglypE0oi1OGReyQvgPatVLWp730jJWa0SkuvREpdeyRJqC8iLA8TVfxRDlL9jfvsfKUdxvR3069PGIFboj9SzfN/K9O1iLQx7Gq waGaQsXI6ljqkqiuyJvrX6oS5BASJ3GP4hFhppTTPutKE6vaZW8tFX9TmZKVe5bmJniXt6QBmz/HOQvqpaJZLpYuDwuVk3TUWexgF/s0zyNUcI4qauTt4xFPeN YutES70+4/U7VMqtnGt6U9fABp65Ki</latexit>
42S1/2
42P1/2
42P3/2
 
(s)
3/2
<latexit sha1_base64="XVEwsrcJztll4EXiW+J/pWfVE0I=">AAAC23icjVHLSsNAFD2N73dVcOMmWIS6qWkVdFnUhUsFW4W2lkmc1uDkwWQilNqVO3HrD7jV/ xH/QP/CO2MEH4hOSHLm3HvOzL3XjYWfKMd5zllDwyOjY+MTk1PTM7Nz+fmFehKl0uM1LxKRPHFZwoUf8pryleAnseQscAU/di92dfz4ksvEj8Ij1Yt5K2Dd0O/4HlNEtfNLzT0uFDvtN2VgF5O1Qbu/sV4ZtPMFp+SYZf8E5QwUkK2DKP+EJs4QwUOKABwhFGEBhoSeBspwEBPXQp84Scg3cY4BJkmbUhanDEbsBX27tGtkbEh77ZkYtUe nCHolKW2skiaiPElYn2abeGqcNfubd9946rv16O9mXgGxCufE/qX7yPyvTtei0MG2qcGnmmLD6Oq8zCU1XdE3tz9VpcghJk7jM4pLwp5RfvTZNprE1K57y0z8xWRqVu+9LDfFq74lDbj8fZw/Qb1SKm+UKoebhepONupxLGMFRZrnFqrYxwFq5H2Fezzg0WpZ19aNdfueauUyzSK+LOvuDXxel7I=</latexit>
 
(s)
1/2
<latexit sha1_base64="QRb0gyJXo58KVoUA2Aq3+euIN/U=">AAAC23icjVHLSsNAFD2Nr1pfUcGNm2ARdFOTKuiyqAuXFWwttLUk6VRD82IyEUrtyp249Qfc6 v+If6B/4Z0xgg9EJyQ5c+49Z+be68S+lwjTfM5pY+MTk1P56cLM7Nz8gr64VE+ilLus5kZ+xBuOnTDfC1lNeMJnjZgzO3B8dur0D2T89JLxxIvCEzGIWTuwz0Ov57m2IKqjr7QOmS/ss2GLB8ZGsjnqDK2t8qijF82SqZbxE1gZKCJb1Uh/QgtdRHCRIgBDCEHYh42EniYsmIiJa2NIHCfkqTjDCAXSppTFKMMmtk/fc9o1MzakvfRMlNq lU3x6OSkNrJMmojxOWJ5mqHiqnCX7m/dQecq7DejvZF4BsQIXxP6l+8j8r07WItDDnqrBo5pixcjq3MwlVV2RNzc+VSXIISZO4i7FOWFXKT/6bChNomqXvbVV/EVlSlbu3Sw3xau8JQ3Y+j7On6BeLlnbpfLxTrGyn406j1WsYYPmuYsKjlBFjbyvcI8HPGpt7Vq70W7fU7VcplnGl6XdvQF3mJew</latexit>
|F,mF i
<latexit sha1_base64="iepEEc0xLlMq2dU62ogi/LLmL6M=">AAAC0HicjVHLSsNAFD2Nr1pfVZdugkVwISWpgi6LQnFZxT6gLSVJpzU0LycTsVQRt/6AW/0q8Q /0L7wzRlCL6IQkZ86958zce+3Ic2NhGC8ZbWp6ZnYuO59bWFxaXsmvrtXjMOEOqzmhF/KmbcXMcwNWE67wWDPizPJtjzXs4ZGMNy4Zj90wOBOjiHV8axC4fdexBFGd68qO3620uRUMPNbNF4yioZY+CcwUFJCuaph/Rhs9hHCQwAdDAEHYg4WYnhZMGIiI62BMHCfkqjjDDXKkTSiLUYZF7JC+A9q1UjagvfSMldqhUzx6OSl1bJEmpDxO WJ6mq3iinCX7m/dYecq7jehvp14+sQLnxP6l+8z8r07WItDHgarBpZoixcjqnNQlUV2RN9e/VCXIISJO4h7FOWFHKT/7rCtNrGqXvbVU/FVlSlbunTQ3wZu8JQ3Y/DnOSVAvFc3dYulkr1A+TEedxQY2sU3z3EcZx6iiRt4XeMAjnrRT7Uq71e4+UrVMqlnHt6XdvwOrLZRW</latexit> |F,mF   1i
<latexit sha1_base64="iQ3j9aeT7MVR3j+uz/MgovHahIs=">AAAC1HicjVHLSsNAFD2Nr1ofrbp0EyyCCy1JFXRZFIrLCvYBtpQkndbQvJhMhNK6Erf+gFv 9JvEP9C+8M6agFtEJSc6ce86duffakefGwjBeM9rc/MLiUnY5t7K6tp4vbGw24jDhDqs7oRfylm3FzHMDVheu8Fgr4szybY817eGZjDdvGI/dMLgUo4h1fGsQuH3XsQRR3UJ+Ut33u9UDs82tYOCxbqFolAy19FlgpqCIdNXCwgva6CGEgwQ+GAIIwh4sxPRcwYSBiLgOxsRxQq6KM9wiR96EVIwUFrFD+g5od5WyAe1lzli5HTrFo 5eTU8cueULSccLyNF3FE5VZsr/lHquc8m4j+ttpLp9YgWti//JNlf/1yVoE+jhRNbhUU6QYWZ2TZklUV+TN9S9VCcoQESdxj+KcsKOc0z7ryhOr2mVvLRV/U0rJyr2TahO8y1vSgM2f45wFjXLJPCyVL46KldN01FlsYwd7NM9jVHCOGupq5o94wrPW0CbanXb/KdUyqWcL35b28AFvVZT5</latexit>
|F,mF + 1i
<latexit sha1_base64="llnsEVh5R3oyzCdrSp320GJgqEk=">AAAC1HicjVHLSsNAFD2Nr1ofrbp0EyyCoJSkCrosCsVlBfsAW0qSTmtoXkwmQmldiVt/wK1+k /gH+hfeGVNQi+iEJGfOPefO3HvtyHNjYRivGW1ufmFxKbucW1ldW88XNjYbcZhwh9Wd0At5y7Zi5rkBqwtXeKwVcWb5tsea9vBMxps3jMduGFyKUcQ6vjUI3L7rWIKobiE/qR743eq+2eZWMPBYt1A0SoZa+iwwU1BEumph4QVt9BDCQQIfDAEEYQ8WYnquYMJARFwHY+I4IVfFGW6RI29CKkYKi9ghfQe0u0rZgPYyZ6zcDp3i0cvJqW OXPCHpOGF5mq7iicos2d9yj1VOebcR/e00l0+swDWxf/mmyv/6ZC0CfZyoGlyqKVKMrM5JsySqK/Lm+peqBGWIiJO4R3FO2FHOaZ915YlV7bK3loq/KaVk5d5JtQne5S1pwObPcc6CRrlkHpbKF0fFymk66iy2sYM9mucxKjhHDXU180c84VlraBPtTrv/lGqZ1LOFb0t7+ABqhZT3</latexit>
E4
<latexit sha1_base64="cbRT4i7vT8JytyH7EXwV/6Vlj1c=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVdJa0GVRBFdSwT6kLSWZTmswL5KJ UEK3/oBb/S7xD/QvvDNOQS2iE5KcOfeeM3PvdSLPTYRlveaMhcWl5ZX8amFtfWNzq7i900rCNGa8yUIvjDuOnXDPDXhTuMLjnSjmtu94vO3cncl4+57HiRsG12IS8b5vjwN35DJbEHWT9ZyReT4d1AbFklW21DLnQUWDEvRqhMUX9DBECIYUPjgCCMIebCT0dFGBhYi4PjLiYkKuinNMUSBtSlmcMmxi 7+g7pl1XswHtpWei1IxO8eiNSWnigDQh5cWE5WmmiqfKWbK/eWfKU95tQn9He/nECtwS+5dulvlfnaxFYIQTVYNLNUWKkdUx7ZKqrsibm1+qEuQQESfxkOIxYaaUsz6bSpOo2mVvbRV/U5mSlXumc1O8y1vSgCs/xzkPWtVy5ahcvaqV6qd61HnsYR+HNM9j1HGBBprk7eMRT3g2Lg1hZMb0M9XIac0 uvi3j4QPa2ZJt</latexit>
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Figure S2: Experimental setup and light couplings for 40K atoms. (a) Schematic of experimental setup. A standing wave
E1 of frequency ω1 with z polarization and a plane wave E2 of frequency ω2 with x polarization generate a Raman coupling
potential [see (b)], which plays the role of the prime lattice. Two standing waves E3 of frequency ω3 with z polarization and
E4 of frequency ω4 with y polarization generate another Raman coupling potential [see (c)], which provides the secondary
incommensurate lattice. Another standing-wave beam E5 of frequency ω5 ∼ ω4 with z polarization is applied to produce a
lattice potential which eliminates the incommensurate potential for spin-up atoms [see (d)]. Here we set ω1 − ω2 = ω3 − ω4.
(b) Optical transitions for generating the prime lattice. (c-d) Optical transitions for the secondary incommensurate lattice.
where Ω(J)σF,1z = 〈σ|er|F,mFσ, J〉zˆ ·E1 (J = 1/2, 3/2). From the dipole matrix elements of 40K [4], we obtain
V1(z) = V1 cos2(k1z − φ′1/2),
V1 =
4t21/2
3
 2
|∆(p)3/2|
− 1
|∆(p)1/2|
E21 , (S7)
with the transition matrix elements t1/2 ≡ 〈J = 1/2||er||J ′ = 1/2〉, t3/2 ≡ 〈J = 1/2||er||J ′ = 3/2〉 and t3/2 ≈
√
2t1/2.
The Raman coupling potential via E1,2 is
M12(x) =
∑
F
Ω
(3/2)∗
↑F,1z Ω
(3/2)
↓F,2+
∆
(p)
3/2
+
∑
F
Ω
(1/2)∗
↑F,1z Ω
(1/2)
↓F,2+
∆
(p)
1/2
, (S8)
with Ω(J)σF,2+ = 〈σ|er|F,mFσ + 1, J〉eˆ+ ·E2, and takes the formM12(x) = M12 cos(k1x−φ1e/2)ei(k1y+φ2−φ1−φ1e/2−pi),
where
M12 =
2t21/2
9
 1
|∆(p)1/2|
+
1
|∆(p)3/2|
E1E2. (S9)
We assume that the wavelength of E1 is λ1 = 769nm, which satisfy ∆
(p)
3/2 = −2∆(p)1/2 = 2∆FS/3 where ∆FS denotes
the fine structure splitting. We then have V1 = 0, andM12 = t21/2E1E2/∆FS. We further set φ2−φ1−φ1e/2 = pi+2npi
(n = 0, 1, 2, · · · ). Under the spin rotation (S5), we have the primary lattice Vp(x) = Vp2 cos(2kpx− φ1e/2), with
Vp = 2t
2
1/2E1E2/∆FS, kp = k1/2. (S10)
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Figure S3: Spin-conserved and -flipped hoppings versus the lattice depth Vs. Here we set M0 = 1.5Er.
Moreover, we set a non-zero two-photon detuning δ = ∆ωz − ω1 + ω2, where ∆ωz denotes the energy difference
between the two spin states, leads to an effective Raman coupling M0σx with M0 = −δ/2.
B. The incommensurate lattice
We apply three standing wave fields together to generate an incommensurate lattice only for spin-down atoms, which
are E3 = 2E3zˆei(φ3+φ3e/2) cos(k3x− φ3e/2) of frequency ω3, E4 = 2E4yˆei(φ4+φ4e/2) cos(k3x− φ4e/2) of frequency ω4,
E5 = 2E5zˆe
i(φ5+φ5e/2) cos(k3x−φ5e/2) of frequency ω5 ∼ ω4, where ∆ωz −ω3 +ω4 = δ. These standing waves create
three spin-independent lattices Vj(x) = Vj cos2(k3x− φje/2) (j = 3, 4, 5) [see Fig. S2(d)] with
Vj =
4t21/2
3
 2
|∆(s)3/2|
+
1
|∆(s)1/2|
E2j . (S11)
If φ3e−φ4e = (2n+1)pi (n is an integer) and E3 = E4, we have V3(x)+V4(x) = const.. The Raman coupling potential
via E3,4 isM34(x) = −M34 sin(2k3x− φ3e) (assuming φ4 − φ3 = (n+ 1 + 2m)pi with m being an integer), where
M34 =
2t21/2
9
 1
|∆(s)1/2|
− 1
|∆(s)3/2|
E3E4. (S12)
We further assume φ5e − φ3e = pi/2 + 2npi and V5 = 2M34; the latter can be achieved by tuning ∆(s)1/2,3/2 and E5.
Hence, under the rotation (S5), we have the secondary incommensurate lattice Vs(x) = Vs2 sin(2ksx − φ3e + pi) felt
only by the spin-down state, with
Vs =
2t21/2
9
 1
|∆(s)1/2|
− 1
|∆(s)3/2|
E23 , ks = k3. (S13)
C. Tight-binding model
In the tight-binding limit and only considering s-bands, the spin-conserved hopping induced by the primary lattice
is tp = −
´
dxφs(x)
[
k2x
2m + Vp(x)
]
φs(x − a), where a = pi/k1 is the lattice period of the primary lattice and φs(x)
denotes the Wannier function. When tp is negligible, the Hamiltonian (8) can take the form of Eq. (2) with the
spin-flipped hopping playing the role of nearest-site tunneling, i.e.
t = M0
ˆ
dxφs(x)φs(x− a/2), (S14)
11
and
λj =
1
2
ˆ
dxVs(x)|φs(x− ja)|2 = λ cos(2piωj − φ3e − pi/2),
λ ≡ Vs
4
ˆ
dx cos(2k3x)|φs(x)|2,
(S15)
with ω = {2k3/k1}. Here {·} denotes the fractional part. We define the recoil energy Er ≡ k2p/(2m) = k21/(8m), and
calculate both spin-conserved and -flipped hoppings as a function of Vs. The results are shown in Fig. S3. We find
that when setting M0 = 1.5Er, Vs = 10Er is deep enough to meet our need.
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